Localization in elasto-plastic materials: Influence of the plasticity yield surface in biaxial loading conditions  by Dequiedt, J.L.
International Journal of Solids and Structures 47 (2010) 2937–2951Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rLocalization in elasto-plastic materials: Inﬂuence of the plasticity yield surface
in biaxial loading conditions
J.L. Dequiedt *
CEA, DAM, DIF, F-91297 Arpajon, France
a r t i c l e i n f o a b s t r a c tArticle history:
Received 5 November 2009
Received in revised form 22 June 2010
Available online 30 June 2010
Keywords:
Instability
Shear bands
Plasticity yield surface
Von Mises
Tresca
Expanding shell experiment0020-7683/$ - see front matter  2010 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2010.06.020
* Tel.: +33 0169266964; fax: +33 0169267097.
E-mail address: jean-lin.dequiedt@cea.frThe inﬂuence of the plasticity yield surface on the development of instabilities in plane plates in biaxial
loading is analyzed in order to understand and simulate the localization pattern observed in an expand-
ing hemisphere experiment. First, a criterion for the activation of slip bands is formulated in the form of a
critical hardening coefﬁcient: it is particularized to the Von Mises and Tresca surfaces. In the Von Mises
case, the criterion gives a strongly negative hardening coefﬁcient in biaxial loading conditions different
from the ones of plane strain. In the Tresca case, the criterion is fulﬁlled for a perfectly plastic material
in uniaxial and biaxial loading; besides, in equi-biaxial loading, two possible orientations for slip bands
are exhibited; this can be understood, with a few approximations, by the existence of a vertex point on
the Tresca yield surface which give additive degrees of freedom for the direction of the plastic strain rate.
Second, the development of localization in the loading conditions met in an expanding hemisphere
experiment is simulated using both plasticity yield surfaces; whereas the Von Mises simulation does
not localize, the Tresca simulation exhibits a pattern composed of a network of shear bands of different
orientations; this pattern is not far from the pattern observed experimentally.
 2010 Elsevier Ltd. All rights reserved.1. Introduction localization and it was proved that, in some cases (associative plas-Localization phenomena are usually observed in plane plates in
tension, in every part where the loading is locally equivalent to
uniaxial or even biaxial stretching in the plane of the plate; it takes
the form of necking instabilities or a network of shear bands and
generally leads to the fragmentation of the plate. In uniaxial load-
ing, they usually form lines perpendicular to the direction of ten-
sion on the surface of the plate whereas in equi-biaxial loading
they usually form a pattern which is globally isotropic.
The initiation and growth of these localizations iswell understood
and justiﬁed in stress states varying from uniaxial tension (in the
plane of the plate) to the onemet in plane strain conditions; however,
neither the simulations nor the analytical developments usually dis-
play them in states between plane strain and biaxial tension.
The appearance of localization is supposed to be linked to the
development of instabilities of the homogeneous elasto-plastic
deformation of the plate. In quasi-static loading, instabilities are
usually analyzed as bifurcations of the velocity ﬁeld, that is to
say the loss of uniqueness of the response of the structure to an
increment of loading: the solution corresponding to an homoge-
neous strain rate is no longer the unique one and there exists a
family of heterogeneous solutions presenting the shape of the
localization structure. One of these families is the one of bands ofll rights reserved.ticity and boundary conditions in displacement on the whole outer
surface), this is the ﬁrst one to appear as soon as the conditions of
uniqueness are violated (Bigoni and Hueckel, 1991).
The early work of Hill (1952) analyzed the development of
bands in a thin sheet in a framework of generalized plane stress
in quasi-static loading conditions. With a rigid plastic material pos-
sessing the classical Von Mises yield surface and obeying the nor-
mality rule, he predicts the development of localized necking in
loading conditions between uniaxial stress and plane strain but
not those between plane strain and equi-biaxial stress.
Recent works tried to justify the development of localization in
biaxial loading by modifying the plasticity model of the material:
most of these works introduce deviation from the normality rule
or coupling of plasticity with damage, which both allow the exis-
tence of bifurcation conditions in biaxial loading. In the ﬁrst case,
the Von Mises yield surface is kept but the plastic ﬂow is ruled
by the so-called ‘‘J2-deformation theory” of plasticity (which
admits that the total plastic strain is constantly collinear to the
stress deviator) or any other ﬂow rule which introduces a compo-
nent of the plastic strain rate collinear to the time derivative of the
stress deviator; Storen and Rice (1975) and Needleman and Rice
(1978) showed that such models are approximate representations
of normality rule applied in yield surface vertices caused for
example by the activation of several slip systems in grains; the
use of them gives localization in biaxial tension (Hutchinson and
Neale, 1978). Other types of deviations from the normality rule
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the yield surface introduced by Rudnicki and Rice (1975) but which
rather applies for rock mechanics. In the case of metals, another
deviation to the normality rule is introduced in the plasticity of
single crystals by Asaro and Rice (1977): a slight correction to
the Schmid law linked to the activation of cross-slip. Both papers
exhibited a critical hardening rate for localization higher than in
the normality case, particularly in biaxial loading.
In the second case, the coupling of plasticity with damage is
governed by the Gurson model (Gurson, 1977) which describes
the plastic ﬂow of a porous medium; this leads to a modiﬁed yield
surface depending on hydrostatic stress and allowing for volume
deformation and a softening effect of damage. Although the phys-
ical meaning is quite different, Yamamoto (1978) showed that the
global stress–strain relation is the same form as the one of Rudn-
icki and Rice and the conditions for localization are qualitatively
identical. Becker (2002) also developed bifurcation conditions with
the Gurson model and applied them to the case of uniaxial stress to
predict the fragmentation of an expanding ring; he obtained quite
satisfactory results.
In dynamic loading conditions, instabilities are associated to the
existence of perturbations of the homogeneous deformation ﬁeld
growing indeﬁnitely with time. At the beginning of the process,
so long as the instabilities are sufﬁciently small compared to the
average homogeneous velocity ﬁeld, the question is treated in lin-
ear stability analysis. This approach was ﬁrst developed by Shenoy
and Freund (1999), Mercier and Molinari (2003), and later by Gra-
nier et al. (2007) for necking instabilities with an assumption of
decoupling between the time scale for the growth of the perturba-
tion and the characteristic time of the mean strain ﬁeld; they stud-
ied a plate of ﬁnite thickness but loaded with a constant stretching
velocity in one of its two principal dimensions. It was recently ex-
tended to the case of biaxial tension by Jouve (2010) who exhibited
a very quick decrease of the growth rate of the perturbation for a
small stretching velocity in the second principal direction (a few
percent of the one in the ﬁrst direction).
In this work, we tried to analyze the inﬂuence of the shape of
the plasticity yield surface on the localization process, by simply
developing the results given by the Von Mises and Tresca surfaces;
these are then compared to experimental results and numerical
simulation. More precisely, the normal corresponding to simple
shear and the existence of vertices on the yield surface (which
gives additive degrees of freedom for the plastic strain rate) for
the Tresca case, is shown to favor localization in biaxial loading.
This is conﬁrmed by the numerical simulation of the localization
process in an hemisphere expansion geometry and in quite good
agreement with the experimental observations. In Section 2, a cri-
terion is exhibited for the activation of a band of localization in
small strains and quasi-static loading, in a homogeneously de-
formed elasto-plastic solid of inﬁnite extent, for states of stress
corresponding to both regular points and vertices on the yield sur-
face: it is then particularized to the Von Mises yield surface and the
Tresca yield surface. The case of the stress states encountered in a
sheet in biaxial loading is treated. In Section 3, the hemisphere
expansion experiment is described and the loading history is sim-
ulated with particular attention to the biaxial loading conditions
obtained near the top of the experimental set-up. Local simulations
of the expansion are carried on with both yield surfaces in order to
display the localization process; the results are compared with the
patterns observed on the images of the hemisphere.2. Bands of localization in biaxial loading conditions
In this section, a bifurcation criterion for the appearance of a
band of localization is exhibited for an isotropic elasto-plasticmaterial of inﬁnite extent in small strains and quasi-static loading
conditions. A critical strain-hardening coefﬁcient and an orienta-
tion for the most favorable bands is formulated as a function of
the normal to the yield surface and the case of a yield vertex is ana-
lyzed. The results are particularized to the loading conditions met
in a plate in biaxial loading, constituted of materials possessing the
Von Mises and Tresca yield surface, respectively.
2.1. Localization criterion in plasticity: regular points and vertices of
the yield surface
In this work, the appearance of a band of localization is treated
as a bifurcation of the incremental solution in plasticity from a
homogeneous state of loading: let us suppose that there are two
velocity ﬁelds u1 and u2 which are both solutions of the relation
of equilibrium and which differ by a simple glide in a band of small
thickness. For the sake of simplicity, elastic unloading is excluded
for both solutions. The difference between these two ﬁelds charac-
terizes the bifurcation and writes in the form:
u2  u1 ¼ Du ¼ DuðxNÞM ð1Þ
where
xN ¼ x  N ð2Þ
In Eqs. (1) and (2), x is the position, N is the normal to the band
andM is the direction of glide; N andM are supposed to be normal-
ized vectors. When N and M are orthogonal, the strain associated
with the bifurcation corresponds to simple shear (the band is a
‘‘shear band”), which is always the case when the material is
incompressible. In the following, the elastic compressibility of
the material is taken into account and the bifurcation may have
a slight tension component (in other words, M may have a slight
component in the N direction).
The strain rate associated with the bifurcation is:
D _e ¼ fgradðDuÞgS ¼
DgðxNÞ
2
ðM Nþ NMÞ ð3Þ
where
DgðxNÞ ¼ dDudxN ð4Þ
In Eq. (3), {a}S denotes the symmetric part of a tensor a.
The equilibrium equation applied to both solutions gives the
following relation for the rate of stress D _r associated with the
bifurcation:
N  D _r ¼ 0 ð5Þ
Let us suppose that the incremental stress–strain relation is written
in the form:
_r ¼ LðrÞ : _e ð6Þ
In Eq. (6), the modulus L may depend on the state of stress r.
The possibility to activate a band of normal N is equivalent to
the loss of positive-deﬁniteness of the so-called ‘‘acoustic” tensor
and the direction of glide satisﬁes:
ðN  LðrÞ NÞ M ¼ 0 ð7Þ
In Eqs. (5)–(7), the current conﬁguration is taken as the refer-
ence one. The rate of change of the nominal stress tensor, of the
Cauchy stress tensor, and the Jaumann derivative of the Cauchy
stress are supposed equal: this approximation is justiﬁed if the
strain and rotation increments are small and the stresses are signif-
icantly smaller than the incremental moduli.
Let us now consider an elasto-plastic material; the strain is
written as the sum of an elastic and a plastic part and the elastic
behavior is isotropic:
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r ¼ KTrðeeÞ1þ 2Gee ð9Þ
In Eq. (9), K and G are, respectively, the Lamé and shear moduli.
The plasticity yield surface writes in the following form in the
stress space, with a function F depending on the shape of the sur-
face and an internal state variable a characterizing the strain
hardening:
Fðr;aÞ ¼ 0 ð10Þ
The material is supposed to obey the normality rule:
_ep ¼ _k oF
or
¼ _kn with _k > 0 ð11Þ
In Eq. (11), n is the normal to the yield surface (which is deﬁned in
regular points) and the function F is chosen in such a way that n is
normalized (n:n = 1). We suppose that the internal state variable
characterizing the strain hardening is the time integral of the plastic
multiplier _k and H is the strain-hardening coefﬁcient (H can be po-
sitive or negative depending on whether the material is strain hard-
ening or strain softening):
a ¼
Z t
0
_kdt and HðaÞ ¼  oF
oa
ð12Þ
In this case, so long as elastic unloading is excluded, the consistency
condition writes:
_F ¼ oF
or
: _r H _k ¼ n : _r H _k ¼ 0 ð13Þ
It gives the following relation for the plastic multiplier:
2Gðn : _eÞ ¼ _kðH þ 2GÞ ð14Þ
And the following incremental stress–strain relation:
_r ¼ KTr _eð Þ1þ 2G _e 4G
2
H þ 2G ðn : _eÞn ð15Þ
The activation of a band is now considered such that elastic unload-
ing is excluded in both the homogeneous and bifurcated solution;
condition (7) then writes in the form suggested by Rice (1976):
M ¼ 1v ðaðNÞ  bðNÞÞ M ¼
1
v ðbðNÞ MÞaðNÞ ð16Þ
With:
v ¼ H þ 2G; aðNÞ ¼ 2ðn  N CðN  n  NÞNÞ and bðNÞ ¼ 2Gðn  NÞ
In these relations, the parameter C characterizes the compressibil-
ity of the material:
C ¼ Kþ G
Kþ 2G
The condition for the existence of a band is fulﬁlled when:
1
v ðaðNÞ  bðNÞÞ ¼ 1 ð17Þ
The glide direction M is collinear to a(N).
Eq. (17) gives a limit hardening coefﬁcient for each possible
normal N (Rice, 1976):
HlimðNÞ
2G
¼ 1
2G
ðbðNÞ  aðNÞÞ  1
¼ 2 ðn NÞ2  CðN  n  NÞ2
 
 1 ð18Þ
The ﬁrst band to develop when H is decreased has the normal N for
which Hlim(N) is maximum. The associated hardening coefﬁcient
Hloc and orientation of the bands Nloc are functions of C and of
the normal to the yield surface n in the reference state of stress.Let us now consider a yield surface with vertices. In the neigh-
borhood of such points, the surface can be seen as an intersection
of two (or eventually more than two) regular yield surfaces deﬁned
by two functions F1 and F2 having normal n1 and n2, respectively.
These surfaces would represent for example two plastic deforma-
tion mechanisms. The normality rule in the vertex point implies
that the plastic strain rate is a sum of components on n1 and n2:
_ep ¼ _k1 oF1or þ
_k2
oF2
or
¼ _k1n1 þ _k2n2; _k1 P 0; _k2 P 0 ð19Þ
The time integral of the plastic multipliers are supposed to be the
internal state variables a1 and a2 for strain hardening:
a1 ¼
Z t
0
_k1 dt and a2 ¼
Z t
0
_k2 dt ð20Þ
The dependence of F1 and F2 on a1 and a2 deﬁne coefﬁcients for
‘‘self-strain-hardening” (H11 and H22) and ‘‘latent strain-hardening”
(H12 and H21):
H11 ¼  oF1oa1 ; H12 ¼ 
oF1
oa2
; H21 ¼  oF2oa1 and H22 ¼ 
oF2
oa2
ð21Þ
This situation could be encountered for example in a single crystal
with such a state of stress that two glide systems are potentially
activated. The two consistency conditions give the following rela-
tions for the two multipliers:
2Gðn1 : _eÞ ¼ _k1ðH11 þ 2GÞ þ _k2ðH12 þ 2GmÞ ð22aÞ
2Gðn2 : _eÞ ¼ _k1ðH21 þ 2GmÞ þ _k2ðH22 þ 2GÞ ð22bÞ
with m = n1:n2 the scalar product of the two normal tensors in the
stress space.
The inversion of this linear system in _k1; _k2
 
leads to the fol-
lowing stress–strain relation:
_r ¼ KTr _eð Þ1þ 2G _e 4G
2
v11
n1 : _eð Þn1  4G
2
v12
n2 : _eð Þn1
 4G
2
v21
n1 : _eð Þn2  4G
2
v22
n2 : _eð Þn2 ð23Þ
With:
1
v11
¼ ð2Gþ H22Þð2Gþ H11Þð2Gþ H22Þ  ð2Gmþ H12Þð2Gmþ H21Þ
1
v12
¼ ð2Gmþ H12Þð2Gþ H11Þð2Gþ H22Þ  ð2Gmþ H12Þð2Gmþ H21Þ
1
v21
¼ ð2Gmþ H21Þð2Gþ H11Þð2Gþ H22Þ  ð2Gmþ H12Þð2Gmþ H21Þ
1
v22
¼ ð2Gþ H11Þð2Gþ H11Þð2Gþ H22Þ  ð2Gmþ H12Þð2Gmþ H21Þ
Let us consider a bifurcation such that the two deformation
mechanisms are activated in both the homogeneous and bifurcated
solution (in other words, the homogeneous and bifurcated state of
stress remain on the vertex). The condition (7) writes in the follow-
ing form:
M ¼ a1ðNÞ  1v11
b1ðNÞ þ 1v12
b2ðNÞ
 
þ a2ðNÞ  1v21
b1ðNÞ þ 1v22
b2ðNÞ
 
M ¼ 1v11
b1ðNÞ þ 1v12
b2ðNÞ
 
M
 
a1ðNÞ
þ 1v21
b1ðNÞ þ 1v22
b2ðNÞ
 
M
 
a2ðNÞ ð24Þ
with:
aiðNÞ ¼ 2ðni N CðN  ni NÞNÞ and biðNÞ ¼ 2Gðni NÞ
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linear combination of vectors a1(N) and a2(N):
M ¼ m1a1ðNÞ þm2a2ðNÞ ð25Þ
The two coordinates m1 and m2 satisfy the system:
m1
m2
 
¼ A m1
m2
 
ð26Þ
With:
A ¼
1
v11
b1ðNÞ þ 1v12 b2ðNÞ
 
 a1ðNÞ 1v11 b1ðNÞ þ
1
v12
b2ðNÞ
 
 a2ðNÞ
1
v21
b1ðNÞ þ 1v22 b2ðNÞ
 
 a1ðNÞ 1v21 b1ðNÞ þ
1
v22
b2ðNÞ
 
 a2ðNÞ
2
64
3
75
The condition for the existence of a band is:
detðA IÞ ¼ 0 ð27Þ
It gives a relationship between the various hardening coefﬁcients
Hij/2G, the compressibility C, the normal tensors n1 and n2 and
the normal N to the band.
Let us now suppose that the self-strain-hardening coefﬁcients
are the same, the latent strain-hardening coefﬁcients are also the
same and the rate between the ones and the others is ﬁxed
constant:
H11 ¼ H22 ¼ H and H12 ¼ H21 ¼ m^H ð28Þ
In this case, relation (27) gives a limit hardening coefﬁcient for each
possible normal N (for the sake of conciseness, ai and bi are written
instead of ai(N) and bi(N)):HlimðNÞ
2G
¼ ða1  b1Þða2  b2Þ  ða2  b1Þða1  b2Þ  2G½ða1  b1 þ a2  b2Þ þ mða1  b2 þ a2  b1Þ
2G½a1  b1 þ a2  b2 þ m^ða1  b2 þ a2  b1Þ ð29ÞWith:
1
2G
ðaiðNÞ  bjðNÞÞ ¼ 12G ðajðNÞ  biðNÞÞ
¼ 2ððni NÞðnj  NÞ  CðN  ni NÞðN  nj NÞÞ2.2. Biaxial loading and Von Mises yield surface
Let us now consider the loading conditions met in a plate of ﬁ-
nite thickness in biaxial traction (Fig. 1). We are looking for bands
of localization with widths an order of magnitude smaller than the
plate thickness, so that this one can be locally approximated by an
inﬁnite medium. The stress tensor and stress deviator are uniform
and write in the principal axes:
r ¼
rxx
ryy
0
0
B@
1
CA ð30Þ
and
s ¼
ð2rxx  ryyÞ=3
ð2ryy  rxxÞ=3
ðrxx  ryyÞ=3
0
B@
1
CA ð31Þ
The biaxiality rate is deﬁned by d = syy/sxx; it can be easily seen
that it varies from (1/2) to 1 when ryy/rxx varies from 0 to 1 (uni-
axial traction to equi-biaxial traction).
The Von Mises yield surface is deﬁned by the following function
F (written in such a way that n = oF/or is normalized):Fðr;aÞ ¼ req  YVMðaÞ with req ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s : s
p ð32Þ
The normal is collinear to the stress deviator:
n ¼ 1
req
s ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ d2 þ ð1þ dÞ2
q
1
d
ð1þ dÞ
0
B@
1
CA ð33Þ
Therefore, d is also the biaxiality rate of the plastic strain rate of the
homogeneous solution: d ¼ _epyy
	
_epxx. d = 0 corresponds to a plane
plastic strain rate of simple shear oriented 45 in the (x,z) plane:
_epyy ¼ 0; _epzz ¼  _epxx.
The yield surface and the two components _epxx and _epyy of the
plastic strain rates for different values of d are plotted in a
ðrxx;ryyÞ graph (Fig. 2).
Hlim(N) is given by relation (18) and it can be proved that the
ﬁrst bands have their normal Nloc in the (x,z) plane which contains
the minimal and the maximal of the principal stresses. The orien-
tation of Nloc with the x-axis (see Fig. 1) and the associated harden-
ing coefﬁcient Hloc are functions of the biaxiality rate d: they are
plotted in Fig. 4 for several values of the compressibility C. It can
also be proved that the glide directionMloc is the symmetric of Nloc
by the x-axis (as shown in Fig. 1).
The case d = 0 is the most favorable with hardening coefﬁcient
Hloc = 0 and orientation h = 45 for any value of C; the mode of
localization corresponds to simple shear (M(N) is orthogonal to
N). For d < 0 or d > 0, the bands develop for negative hardening
coefﬁcients (strain softening in other words) and have orientations
different from 45 when the material is slightly compressible; in
this case, the modes of localization include a small component oftraction (for d < 0) or compression (for d > 0). The case of equi-biax-
ial traction d = 1 needs a strongly negative value of H for the forma-
tion of a band, an order of magnitude comparable to the one of the
shear modulus G (which probably never happens in real materials).
2.3. Tresca yield surface
The Tresca criterion applies on the maximum shear stress and F
is a function of the maximal and the minimal among the principal
stresses.
Let us ﬁrst consider the case when1/2 < d < 1. These two stres-
ses are rxx and rzz, respectively. The function F and normal n to the
yield surface are (deﬁned in such a way that n is normalized):
Fðr;aÞ ¼ ðsxx  szzÞﬃﬃﬃ
2
p  YT ðaÞ ¼ r : 1ﬃﬃﬃ
2
p ðex  ex  ez  ezÞ
 
 YTðaÞ ð34Þ
In the case when the change in principal directions can be ne-
glected (we admit that this is the case for both the homogeneous
and bifurcated solution), the yield surface is regular and the nor-
mal n is a constant:
n ¼ oF
or
¼ 1ﬃﬃﬃ
2
p ðex  ex  ez  ezÞ ð35Þ
It is such that the plastic strain rate corresponds to simple shear
in the (x,z) plane, with orientation h = 45 from the x-axis.
The yield surface and the two components _epxx and _epyy of the
plastic strain rates for different values of d are visualized in a
ðrxx;ryyÞ graph (Fig. 3).
It comes from relation (18) that the ﬁrst bands also have their
normal Nloc in the (x,z) plane, with orientation h = 45 and the
Fig. 1. Plate in biaxial traction and orientation of the ﬁrst bands.
Fig. 2. Von Mises yield surface and projection of the plastic strain rate.
Fig. 3. Tresca yield surface and projection of the plastic strain rate.
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biaxiality rate d (provided that 1/2 < d < 1) and of the compress-
ibility C; the mode of localization corresponds to simple shear.
Thus, the localization is much easier than in the Von Mises case.
The comparison of the Tresca and Von Mises cases is plotted in
Fig. 4 and the orientation of the bands is schematized in Fig. 5.
Let us now take the case when d = 1 (equi-biaxial traction); it
corresponds to a singular point on the yield surface: there is ex-
actly an inﬁnity of principal axes in the (x,y) plane and the problem
is invariant by any rotation around the z-axis. The state of stress
would belong to an inﬁnity of yield surfaces deﬁned by any unit
vector g in the (x,y) plane:
Fgðr;aÞ ¼ ðg  s  g szzÞﬃﬃﬃ
2
p  YTðaÞ ¼ 0 ð36Þ
In the following, we approximate the Tresca surface in equi-
biaxial conditions by the intersection of two surfaces deﬁned by
the functions:
F1ðr;aÞ ¼ ðsxx  szzÞﬃﬃﬃ
2
p  YTðaÞ ¼ 0 and
F2ðr;aÞ ¼ ðsyy  szzÞﬃﬃﬃ
2
p  YTðaÞ ¼ 0 ð37ÞIn the case when the change in principal directions can be ne-
glected, the two normal tensors are, respectively:
n1 ¼ 1ﬃﬃﬃ
2
p ðex  ex  ez  ezÞ and
n2 ¼ 1ﬃﬃﬃ
2
p ðey  ey  ez  ezÞ ð38Þ
The normality rule implies that the plastic strain rate is a sum of
components on n1 and n2 as shown in Fig. 3.
The strain hardening is isotropic and thus, there is only one
internal state variable a, the rate of which can be written without
loss of generality as the sum of the two plastic multipliers:
_a ¼ _k1 þ _k2. With the notations of Section 2.1, the strain-hardening
coefﬁcients are all equal: H11 = H22 = H12 = H21 = H.
For every orientation N, Hlim(N) is given by Eq. (29) with m^ ¼ 1.
Hlim(N) is plotted in Fig. 6 for all orientations of N (identiﬁed by an-
gles h and u).
The ﬁrst bands corresponds to Hloc = 0 and h = 45, u = 0 and
h = 45, u = 90; they are two families of shear bands oriented 45
in the (x,z) and (y,z) plane, respectively. Nevertheless, the number
of possible orientations of bands is obviously linked to the number
of yield surfaces taken into account in the vertex point of the Tres-
ca surface: we can guess that there is in fact an inﬁnity of bands
which can be obtained by rotation of the former ones around the
z-axis, which would be coherent with the symmetry of the
problem.
Finally, the equi-biaxial case gives the same limit hardening
coefﬁcient as the other cases but it also gives a multiplicity of band
orientations.
The case of uniaxial stress (d = 1/2) would be identical with
two families of bands oriented 45 in the (x,y) and (x,z) plane,
respectively, and, when all glide systems are taken into account,
we would obtain an inﬁnity of bands by rotation of the former ones
around the x-axis.
3. Localization in an expanding hemisphere
In this section, we test the capability of the Von Mises and Tres-
ca yield surfaces to reproduce the localization observed in an
expanding hemisphere experiment. The parallel between the
numerical results and the analytical ones of Section 2 are also
underlined, even though the loading conditions are not strictly
the same: the expanding hemisphere has a ﬁnite thickness and
the strain rates are such that dynamic effects cannot be ignored.
3.1. Experiment
The hemisphere experiment is a test performed in order to val-
idate elasto-plastic models in large strain and high strain rate load-
ing conditions; but it is also a good test to display localization in
biaxial loading. In this experiment, developed in CEA/Valduc (Buy
and Llorca, 2001), a spherical shock wave generated by the explo-
sive is transmitted to a sphere of the studied material through a
Fig. 4. Strain-hardening coefﬁcient Hloc and orientation h of the ﬁrst bands in the Von Mises and Tresca cases as functions of the biaxiality rate d.
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separates from the core little time after the arrival of the detona-
tion wave on the free surface and deforms during a free ﬂight
expansion: in this phase, so long as the sphere thickness is small
compared to its radius, the loading conditions are not far from
those met in a sheet in biaxial traction, except near the boundaries.
Elasto-plastic instabilities can develop. Free surface velocity mea-
surements and images of the shell are performed during the
expansion; fragments are recovered after the experiment.
The experiment presented here was realized with a tantalum
shell of 50 mm radius and 3 mm thickness, the velocity measure-
ments exhibit a slowly decreasing expanding velocity and the ab-
sence of spalling phenomenon (Fig. 8). According to the camera
images, instabilities ﬁrst appear at about 15 from the bottom
forming lines parallel to meridians which propagate towards thetop of the shell. A second network develops independently since
t  75 ls around the top, forming a sort of ‘‘pavement”. Fig. 9
exhibits these two types of instabilities even though the second
one is less clear than the ﬁrst one. After the experiment, ﬁve large
fragments were recovered, which means that not every instability
leads to a line of fracture; these fragments exhibit an important
amount of deformation (Fig. 10).
3.2. Simulation of the expansion
In the two following paragraphs, we try to reproduce the local-
ization observed in the hemisphere experiment. We concentrate
on the phenomenon observed in the top part of the shell, although
it is not the ﬁrst one to appear; as we will see further, this part of
the shell is submitted to homogeneous equi-biaxial loading slowly
δ δ
Fig. 5. Orientation Nloc of the ﬁrst bands and glide directionMloc in the (x,z) plane for the Tresca and Von Mises yield surfaces. In both case Nloc andMloc are symmetric by the
x-axis. Except for the case d = 0, the bands for the Von Mises case include a tension or compression component (the deviation from h = 45 is willingly overstated).
Fig. 6. Limit hardening coefﬁcient in equi-biaxial loading for all orientations of N
and the Tresca yield surface.
Fig. 7. Expanding hemisphere set-up.
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to a non-stationary loading due to the release waves coming from
the free surface, which makes the analysis more difﬁcult.
The way to reproduce the development of localization is to car-
ry on a tri-dimensional simulation of a plane plate in equi-biaxial
traction, representing approximately the area near the top during
the shell expansion; this local simulation has to be initiated at a
time t0 preceding the appearance of the localization phenomenon
in the experiment. In this purpose, a global simulation (in axi-sym-
metric conditions) of the shell expansion is ﬁrst carried on in order
to display the average loading conditions near the top and give ini-
tial conditions for the local simulation.
This approach is developed with both the Von Mises and Tresca
yield surfaces. The simulations are achieved with the Steinberg–
Cochran–Guinan (SCG) elasto-plastic model for tantalum; the coef-
Fig. 8. Free surface velocity measurement on the top of the shell.
Fig. 9. Instabilities on the tantalum hemisphere at a time t  140 ls.
Fig. 10. Fragments of the tantalum hemisphere recovered after the experiment.
Table 1
Coefﬁcients for the Steinberg law for the elasto-plasticity of tantalum.
G0 (GPa) Gp GT (Pa K1) Y0 (MPa) Ymax (MPa) b n
69 1.0005 8.97  106 841 964 52 0.044
Table 2
Coefﬁcients for the Lindemann law for the melting temperature
of tantalum.
Tm0 (K) C0 a
4340 1.67 1.3
Fig. 11. Free surface velocity on the top of the shell – experiment and simulation.
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shear modulus are those given by Steinberg et al. (1980)). The
melting temperature is evaluated with the Lindemann law with
coefﬁcients given in Table 2.
Let us remember that the yield stress given by the SCG model
YSCG (like any other classical model) is such that the Von Mises -surface is deﬁned by
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2ðs : sÞp ¼ YSCG (thus with the notation
of Section 2.2: YSCG ¼ ﬃﬃﬃﬃﬃﬃﬃﬃ3=2p YVM). It is extended to the Tresca sur-
face in such a way that the Von Mises and Tresca ﬂow stresses
are equal in uniaxial stress (one could easily prove that they are
also equal in equi-biaxial stress); so, the Tresca surface is deﬁned
by Eq. (26) of Section 2.3 with YSCG ¼
ﬃﬃﬃ
2
p
YT .
The shell is meshed with 20 elements in thickness, each having
a 1/2-degree amplitude in angular width.
The simulated shapes of the shell obtained in the Von Mises and
Tresca cases are identical at the beginning of the expansion. They
remain almost the same except that the Tresca simulation exhibits
a beginning of necking at a time t  80 ls; nonetheless, we chose
not to analyze this necking pattern further since the axi-symmetric
conditions are not able to catch the localization modes observed
experimentally and we decided to stop the Tresca simulation at
t = 80 ls.
The free surface velocity measurements are compared with the
experimental one in Fig. 11 at the beginning of the expansion. The
two simulated proﬁles are also identical and very close to the
experimental one.
The components of stress and strain rate are evaluated in the lo-
cal coordinate system (see Fig. 12) in the middle of the thickness,
as functions of the angular position. The two tangential compo-
nents of the strain rate tensor D and the three components of the
stress tensor r are plotted at different times (Figs. 12 and 14 and
Figs. 13 and 15, respectively).
The two global simulations give slightly different results. For
the Von Mises simulation, the loading conditions are such that
rtt = rzz in a whole area near the top (Fig. 13); the normal stress
rnn tends to zero with time but its amplitude is not negligible until
at least 70 ls, due to remaining stress waves propagating in the
Fig. 12. Components of the strain rate tensor in the shell at different times (simulation with the Von Mises yield surface).
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loading of Sections 2.2 and 2.3. When moving along the shell, the
two components rtt and rzz separate progressively and uniaxial
stress conditions are reached at the bottom (rtt = rnn = 0 and
rzz– 0). The two strain rates Dtt and Dzz are also equal near the
top and separate for approximately the same position as rtt and
rzz (Fig. 12). The extension of the ‘‘quasi” equi-biaxial area de-
creases with time as the release waves coming from the bottom
move along the shell (they reach the top at a time t  110 ls): as
a consequence, the parts of the shell at intermediate angular posi-
tions are characterized by a biaxiality rate d = stt/szz changing with
time. Moreover, in the ‘‘quasi” equi-biaxial area, the rtt,rzz and rnn
proﬁles are almost parallel which means that the stress deviators
stt, szz and snn are almost uniform.
In the Tresca simulation, the components of the stress tensor rtt
and rzz are also equal near the top (Fig. 15); the normal stress rnn
keeps an amplitude comparable with the one obtained in the Von
Mises case. On the other hand, the components of the strain rate
tensor Dtt and Dzz exhibit a more oscillating proﬁle (Fig. 14). When
moving along the shell, rtt and rzz separate abruptly and, at the
same time, Dtt falls to nearly zero, just as if, in a whole area near
the bottom, the material expanded in plane strain conditions.
The extension of the ‘‘quasi” equi-biaxial area also decreases with
time.
The aspect of all these curves can be understood by coming back
to the Von Mises and Tresca yield surfaces of Figs. 2 and 3 with rzz
and rtt instead of rxx and ryy, respectively. In the experiment, the
elastic strain rate is much lower than the plastic strain rate, so thetotal and plastic strain rates are nearly equal (D  Dp). The contin-
uous evolution of Dtt and Dzz in Fig. 10 is coherent with the smooth-
ness of the Von Mises yield surface. In Fig. 14, the oscillations of Dtt
in the equi-biaxial area can be linked to the vertex point on the
Tresca surface and the non-uniqueness of the normal n; the abrupt
fall of Dtt when rtt and rzz separate is also coherent with a normal
n corresponding to simple shear in the (n,z) plane (thus Dptt ¼ 0).
Moreover, the evolution of the ﬂow stress with time is analyzed
in the top point of the shell (it is plotted in Fig. 16 for the Von Mises
case but the Tresca case gives exactly the same curve): in spite of
ﬂuctuations linked to the shock and release waves propagating just
after the detonation reaches the shell, the ﬂow stress ﬁrst increases
due to strain hardening and then decreases when thermal soften-
ing becomes important, the maximum being reached at a time
t  55 ls which corresponds to an equivalent plastic deformation
epeq  0:44. After this time, the conditions are fulﬁlled for the
appearance of instabilities due to material behavior according to
the results of Section 2.
However, the oscillations of Dtt and the existence of a vertex
point for the Tresca surface in equi-biaxial stress may ask the ques-
tion of the well-posedness of the mechanical problem before the
instability condition of Section 2.1 is reached: let us remember that
this condition is established in an hypothesis of a stress state
remaining on the vertex for both the homogeneous solution and
the bifurcation. Small perturbations of the stress state around the
vertex on either of the two crossing surfaces may lead to different
conclusions since the deformation paths are not the same as the
one on the vertex. The question might be whether or not a pertur-
Fig. 13. Components of the stress tensor in the shell at different times (simulation with the Von Mises yield surface).
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imagine that this is a point of ‘‘stability” due to the equality of
rtt and rzz in Fig. 15, in the condition that it is not an artifact of
the algorithm for projection of r on the yield surface. Anyway,
the issue shall be studied in a future work but here we make the
hypothesis that the global simulation nevertheless gives correct
initial conditions for the localization study.3.3. Local simulations of localization
Simulations of localization are carried out by representing the
part of the shell around the top as a piece of a plane plate loaded
in equi-biaxial traction (Fig. 17); these local 3D-simulations are ini-
tiated at the time t0 = 50 ls of the shell expansion since, before this
time, the material behavior is stable with the model (cf. Fig. 14)
Fig. 14. Components of the strain rate tensor in the shell at different times (simulation with the Tresca yield surface).
Fig. 15. Components of the stress tensor in the shell at different times (simulation with the Tresca yield surface).
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constant velocity is imposed on the boundaries in such a way that
the initial strain rates are equal to the ones in the shell at t0.Two simulations are performed with the Steinberg–Cochran–
Guinan (SCG) plasticity model and the Von Mises and Tresca yield
surfaces; they are initiated with conditions equivalent to the ther-
Fig. 16. Time evolution of the ﬂow stress in the shell (simulation with the Von Mises yield surface, the Tresca case would give an equivalent result).
Fig. 17. Geometry and conditions of the local simulation.
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duced in such a way that the deviatoric stresses stt,szz and snn are
those met in the shell at t0 and that the normal stress rnn is 0.Fig. 18. Map of the equivalent plastic strains in average plaThe instabilities are induced by introducing a small perturbation
on the coefﬁcients Y0 and Ymax of the SCG model. The amplitude of
this noise is chosen small enough (dY0 = dYmax = 0.001  Y0) so that
the localization pattern is the least possible dependent on it.
The Von Mises and Tresca simulations give very different re-
sults. The simulation with the Von Mises yield surface never exhib-
its localization, at least in times comparable to the time of the
experiment (the map of plastic strains in the average plane shows
no more than small ﬂuctuations, the amplitude of which is the
same order as the one of the initial noise, see Fig. 18).
On the contrary, the simulation with the Tresca surface exhibits
localization in a pattern which looks like a network of shear bands
in the thickness of the plate (seen on the cross-section y = L0/2
given at the time t = 100 ls of the shell expansion in Fig. 19a).ne in the Von Mises simulation at time t = t0 + 100 ls.
Fig. 19. Maps of the cumulative plastic strains at t = t0 + 50 ls in the Tresca simulation – cross-section (a) and average plane (b).
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but there seem to be some lines with other orientation. The traces
of these bands on the average plane z = 0 form a ‘‘pavement” which
does not exhibit a particular orientation (Fig. 19b). This result
could be linked to the existence of two families of shear bands,
with normal oriented 45 in the (x,z) and (y,z) plane, respectively,
in the bifurcation analysis of Section 2, although the loading condi-
tions are not exactly comparable as it has been said before.
Moreover, these bands form elementary patterns the size of
which is about 1 or 2 mm (Fig. 19b). Among them, some deform
more than the others forming larger patterns of about 10 mm.
These patterns, which of course cannot be displayed in the analysisof Section 2 in a medium of inﬁnite extent, have similarities with
the experimental observations: a more precise analysis of the
images of the experiment displays patterns the size of which is
about 12 mm (Fig. 20). Moreover, micrographs of sections of the
recovered fragments show localization zones (with elongated
small grains) oriented approximately 45 from the average plane
(Fig. 21). The proﬁles of the simulated plate in Fig. 19 are given
at the time t = 100 ls of the shell expansion which is later than
the time at which the ‘‘pavement” is observed in the experiment.
However, as is usually stated in the simulation of shear bands,
the time of development and the band thickness are dependent
on the mesh size; simulations with smaller meshes exhibited iden-
Fig. 20. Localization patterns near the top at time t  140 ls. The dimensions are evaluated thanks to the grid behind the shell.
Fig. 21. Micrograph of a fragment cross-section.
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no real convergence as the mesh is reﬁned indeﬁnitely; the exis-
tence of a ﬁnite growth rate and ﬁnite thickness would require
the introduction of diffusive effects (visco-plasticity, thermal con-
ductivity, etc.) in the constitutive relations of the material.
4. Conclusion
The purpose of the present study was to display the prominent
inﬂuence of the shape of the yield surface on the localization pro-
cess in biaxial loading conditions, by both analytical developments
and numerical simulation of a localization experiment. Moreover,
the existence of yield surface vertices was shown to favor localiza-
tion by giving additional degrees of freedom for the localization
modes in the structure. In a ﬁrst part, a criterion for the develop-
ment of bands of localization is established in small deformation
and quasi-static loading conditions in the form of a limit hardening
modulus. This modulus is a function of the normal to the yield sur-
face, the band orientation and the elastic moduli of the material: an
orientation for the ﬁrst band to develop when the hardening mod-
ulus decreases (with saturation of strain hardening) is deduced.
The approach is extended to stress states in which the yield surface
has a vertex point. The results are applied to the Von Mises and
Tresca yield surfaces, showing that the latter gives localization
for a null hardening modulus for both uniaxial and biaxial loading
whereas the former needs a negative one in biaxial loading. The
existence of two families of shear bands in equi-biaxial loading
with the Tresca yield surface is also exhibited. In a second part,
the comparison is done between experiment and simulation for
the localization process in a expanding hemisphere geometry.
The localization phenomenon observed in the upper part of the
hemisphere, which is submitted to loading conditions close to
equi-biaxial traction, is simulated using both the Von Mises andTresca yield surface; in the ﬁrst case, no localization is exhibited
in the simulation but in the second case, it shows the development
of a network of shear bands forming a pattern the size of which is
the same order of magnitude as the one observed on photographs
of the experiment. Moreover, although the two properties are not
strictly equivalent from a mathematical point of view, there seems
to be a parallel between the existence of bands of localization (as
modes of bifurcation) in quasi-static loading and the instabilities
developing in dynamic loading.
The comparison between experiment and simulation is thus
better when using the Tresca yield surface than the Von Mises
one although there is no real physical reason to justify the former
one. In poly-crystals, it is usually admitted that the constraints
linked to the compatibility of the deformations between the differ-
ent grains tend to regularize the yield surface and eliminate vertex
effects due to the existence of several glide systems in each mono-
crystal. On the other hand, after some amount of deformation, it
has been shown by poly-crystal plasticity models that vertices
could develop due to the difference in hardening of the active
and inactive glide systems and the rotation of grains. Anyway,
the choice of a yield surface would require further development
and a proper mechanical justiﬁcation. A more accurate compre-
hension of the physics of plasticity for the considered material is
necessary (possible anisotropy, plastic deformation mechanisms
including eventually grain rotation, twinning, etc.). Complemen-
tary analyses of samples recovered after the fragmentation occurs
would also give useful indication on the localization process.
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